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Phase Coexistence in Partially Symmetric
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We consider a lattice model whose spins may assume a finite number ¢ of
values. The interaction energy between two nearest-neighbor spins takes on the
value J; + J, or J,, depending on whether the two spins coincide or are different
but coincide modulo ¢,, and it is zero otherwise. This model is a generalization
of the Ashkin-Teller model and exhibits the multilayer wetting phenomenon,
that is, wetting by one or two or three interfacial layers, depending on the
number of phases in coexistence. While we plan to consider interface properties
in such a case, here we study the phase diagram of the model. We show that for
large values of ¢, and ¢/q,, it exhibits, according the value of J,//;, either a
unique first-order temperature-driven phase transition at some point f§, where ¢
ordered phases coexist with the disordered one, or two transition temperatures
B and B'*), where g, partially ordered phases coexist with the ordered ones
(B or with the disordered one ($'?), or for a particular value of J,/J; there
is a unique transition temperature where all the previous phases coexist. Proofs
are based on the Pirogov-Sinai theory: we perform a random cluster representa-
tion of the model (allowing us to consider noninteger values of ¢, and ¢/g,) to
which we adapt this theory.
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models.
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1. INTRODUCTION

Dunlop et al.!) introduced, for a microscopic study of the multilayer
wetting phenomenon, a partially symmetric g-state model with Boltzmann
weight

exp [/3 T TS0l x4 B Y Tad(xl x1) S, x,%)] (1)

<LiY <aJ»

Here f is the inverse temperature, J; and J, are nonnegative constants, the
spin variables x; and x? defined on each site i of the (4> 2)-dimensional
lattice Z¢ belong, respectively, to the sets {1,.., ¢,} and {1..., g5}, the two
sums are over nearest-neighbor pairs of a finite set A in Z¢, and § is the
usual Kronecker symbol, d(x, x') =1 if x = x’ and zero otherwise.

Introducing the probabilities p,=1—e#’ for k=1 and 2, we can
write the corresponding probability distribution

dux)=2Z"" [] [t =p)(1 —p,)+pi(1—p;) 8(x}, x})
{Ljy

+ pa8(x;, x;) 8(x7, x7) 1 dpo(x) (2)

where dy, is the counting measure over the configurations x of the spin
variables in A.

This models exhibits three kinds of pure thermodynamic phases: ¢
(=q,49,) ordered phases in which configurations {x!} and {x?} are both
ordered, g, partially ordered phases in which only configurations {x}} are
ordered while {x?} are disordered, and a disordered phase in which both
configurations are disordered. The phase diagram shown in Fig. 1 was
conjectured in ref. 1 on the basis of the analysis of restricted ensembles
associated to the model. This expected phase diagram exhibits, in the plane
(BJ,, BJ,), three regions (where either only the ¢ ordered phases coexist, or
only the ¢, partially ordered phases coexist, or only the disordered phase
is present) separated by three lines of phase coexistence (either between
ordered and partially ordered phases, or between ordered and disordered
phases, or between partially ordered and disordered phases) meeting in one
point where all the phases coexist.

A proof of such results, which is the main purpose of this paper, might
be obtained by using the extension of the Pirogov-Sinai theory® proposed
by Bricmont et al.®’ as already noticed in ref. 1. However, here we will follow
the idea of the approach recently applied by Laanait et al. where the
Pirogov-Sinai theory is adapted to the Fortuin-Kasteleyn representation®
of the Potts model.
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Fig. 1. The dashed lines bound the regions of the phase diagram already proven in ref. 1.
K(q) [resp. K,(¢g,)] is the transition point of the g (resp. ¢, )-state Potts model.

In doing so, with the model under consideration, we first get a random
cluster type model with two bond occupation variables n}j and nfj, such
that n;+ nj, < 1, with probability distribution

dugc(n) =Z§cl H (1—=p)(1—p2) n pill—ps) H J4)
i j>eGy <irj> € Gy <0y € Gy

x g5"g Y ) dpg(n) (3)
Here n denotes a configuration of the bond variables n}j and né; G, is the
set of bonds #j, to be called empty, having n;=n;=0; G,, is the set of
bonds 7, to be called partially wired, having n;=1—n.=1; G, is the set
of bonds i/, to be called wired, having n;=1—n,=1; N(n*) [respectively
N(n'+n*)] denotes the number of connected components, including
isolated sites, in the graph whose edges are the bonds having nf]: 1
(respectively n),+n = 1); du, is the counting measure.

For any configuration n=(G,, G,,, G,,), we shall use S,(n) to denote
the set of sites / where all bonds with endpoint i belong to G, for pe
{f, pw, w}. We shall use S(n*), for k=1, 2, to denote the set of sites that
are endpoints of bonds having nj=1, and use C(n’) [respectively
C(n* +n*)] to denote the number of connected components in the graph
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whose edges are the bonds having 7} =1 (respectively n),+n;= 1), and use
|E] to denote the number of elements of the set E. With these notations the
Boltzmann weight of a configuration n can be ‘written (cf. Section 2)

e~ HM = ISl g LIS0I = IS0 0 SN (BI1 _ {yEai> i
2
X [eM(et— 1) =0 ggg e+ (4)

up to the constant term [, e #“*/2) that we introduced in (2) and (3)
to make more transparent the probabilistic interpretation of the models.

It turns out that for e#(ef2—1)=(ef'—1)ql9=¢g"" the
Hamiltonian H has three ground states:

1. The configuration on Z¢ with only empty bonds, n,, with energy
per site*

e,= —log g 5

2. The configuration on Z¢ with only partially wired bonds, n,,, with
energy per site

epw = —log q>— d log(eﬂ‘ll - 1) (6)

3. The configuration on Z“ with only wired bonds, n,, with energy
per site

e, = —dB J, —dlog(ef?—1) (7)

The ground states n, and n,,, represent, respectively, the free energy of the
disordered and partially disordered states of the original model. Together
with n,, they are actually the only ground states of the Hamiltonian H for
nonnegative values of J;, and J,; the phase diagram of ground states
inferred from (5)—(7) is shown in Fig. 2.

Indeed, it is easy to see that, for any configuration n on Z¢ that differs
from one of the configurations n,, pe{f, pw, w}, only on a finite set of
bonds, n=n, (as.), the relative energy H(n|n,)=H(n)— H(n,) satisfies
H(n | n,) >0 whenever e, =min{e,, ¢,,, e, }; moreover, this relative energy
satisfies the Peierls condition (cf. Section 3)

0
H(n | n,)> S log(min{g,, 4:)) ®)

* The energy per site of a translation configuration n is defined as the thermodynamic limit
of the ratio between the energy H(m) and the number of sites in A.
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Fig. 2. Diagram of ground states of the Hamiltonian (4); K'(q)=log(¢"¢+1) and
K'(q,)=log(qy" +1).

where én, to be called the boundary of the configuration n, is defined as
on = Zd\UFG (7. pwowy Sp(M).

Hence, with the help of the Pirogov—Sinai theory, a sketch of which
we present for the model under consideration in Section 3, with a slightly
different definition of contours more suitable for our purpose, we get that
the phase diagram of the random cluster model (3) mimics, for large values
of ¢, and ¢,, the phase diagram of ground states. As a result we get also
further information on both models, which we discuss in Section 4.

To close this introduction, we notice that by analogy with Edwards
and Sokal, who provided in ref. 6 a simple explanation of the Swendsen—
Wang algorithm,” we can also consider a joint model having two Potts
spin variables x] and x; at sites, and two occupation variables 7, and n,
on bonds, such that n},+ n}, <1, with probability distribution

Ajoim(X, M) =Zgn, [ [(1=p)(1=ps) 3(ny, 0) 6(n, 0)
ihj>

+ pi(1=py) 3(nl, 1) (n2, 0) 8(x, x1)
+ p28(n, 0) (12, 1) 3(x, x!) 6(x2 x2)]

X duo(x) duo(m) ©)

As we shall see more precisely in Section 2, the summation over either the

x or n variables gives (1) Z = Zyc = Z,qi,,; (2) the marginal distribution of
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the Potts sites variables x is precisely the model du; and (3) the marginal
distribution of the bond occupation variables n is precisely the random
cluster model dpgc.

It would be interesting to use the efficient Swendsen—Wang algorithm
in the case ¢, =g, =2 describing the Ashkin-Teller model, where several
open problems about the phase diagram® and critical exponents on
transition lines® occur. Let us mention that, for this model, a proof of the
existence of an intermediate region for some values of J,/J, is given in
ref. 10.

We finally mention that the equivalence stated above between the dif-
ferent representations of the model is neither restricted to nearest neighbors
nor to equal coupling constants. This equivalence is proved in Section 2,
where we introduce also partition functions with boundary conditions
associated to the Hamiltonian (4). Section 3 contains our main results and
Section 4 our concluding remarks. The proof of the Peierls condition is
given in the Appendix.

2. THE RANDOM CLUSTER EXPANSION

In this section we prove the equality between partition functions stated
in the introduction, in particular, that the sum of the Boltzmann factor (1)
over the configurations x equals the sum of the Boltzmann factor (4) over
the configurations n.

To prove this equivalence, we shall apply the formula ¢f°=
1+ (e’ —1)8 to each bond successively. More precisely, we use the
formula

exp[BJ,0(x}, x} )+ BJ,0(x], x}) 8(x7, x7)]
= {1+ [exp(BJ2) — 1] 8(x}, x;) 8(x7, x7)} exp[BJ;d(x}, x})]
=exp[BJ19(x}, x;)]
+ [exp(BJ,)1Lexp(BJ,) — 11 8(x}, x}) 8(x7, x}

for each bond, so that the sum of the Boltzmann factor (1), say Z, can be
written

Z={exp[BUJ, +72) IL()|]} Z
=Y % {[exp(B7)]Lexp(p)~ 11} T é(x}, x})5(x}, x))

X Gyc L(A) ij>eGy

x T1  exp[BJi8(xh, x})] (10)

K> € L(ANGy
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where L(A) is the set of bonds with two endpoints in 4. By applying again
the above-mentioned formula for ¢#° to each bond in L(A)\G,,, we get

Z: z Z Z [eﬁll(eﬁlz_ 1)]JGWI (eﬂJl _ 1)|Gpwl

x Gy< L{A) Gpy= LIANG,

x [T o(xfxp)o(xi,x})y [l 6(x) x;) (11)
<if>e Gy <if> € Gpy
Notice that formula (11) actually gives the partition function of the
joint model (up to the constant term e#/1+/2 1L,
To get the equivalence with the random cluster model, we invert the
summations in (11) and use

Y IT stxhxhoxzx) I o(xhxD)

x ireGy iy € Gpw
2 2 1 1y __ N2 N(nl+n?
ZZ H 5(xi’xj) I_[ 5()6“ xj)—qz(n )ql(n )
x (jreGy > e Gwo Gpw
— qZC(nzH— 4] — IS(HZ)IqIC("l + )+ 4] — |S(nh) v S(n?)] (12)

Indeed, from (11) and (12), we infer that Z is the sum of the Boltzmann
factor (4) by taking into account that |G, | =Y,y njand |G, | =3 ;s 15,
together with the equalities

[A] = 1S(n") U S(n?)| = |Sy(n)|
S(n") U S(n?)] = [S(n*)] = |S(n")| — |S(n') N S(n?)]

Up to now, we have considered only free boundary conditions. To
formulate our results we shall introduce other boundary conditions that
force the system to be in a stable phase, and for which the equivalence can
also be shown.

For any set A4 in Z¢ we define the envelope of A, E(A), as the set of
bonds having one or two endpoints in A, and the boundary of A, 04, as the
set of sites in 4 having a nearest neighbor in Z9\ 4. We shall use (A1) to
denote the set of configurations n on E(A) and for pe {f, pw, w}, we shall
use Q7(A) to denote the set of configurations ne 2(Z9) =Q such that all
the sites of 94 and Z“\ A belong to S,(n).

We define the energy per site of a configuration ne Q by

e;(n)= —[ [T (—nyd—n; Jlogq— [x(ie S(n'),i¢ S(n*)]log g,
<

> € E(i)

61 . 62 2.
— 5 on'(i) =5 on’(i) (13)
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where y is the characteristic function, § is the codifferential operator
on* (i) =3 ¢yy e ppy 1 for k=1,2, and

efr=efr—1 (14)
et2 = ePi(eP2 — 1) (15)
We define the Hamiltonian in 4 of a configuration n=n, (as.) by
Hym)= T e(m)+ Aw)

H(n)= ~C(n?) log g, — C(n' +n?) log ¢, + C,

where C,=0, C,,=logq,, and C,,=loggq. Let us observe that for any
configuration ne 27(A) the Hamiltonian H ,(n) coincides with that given
by (4) up to a boundary term and to the term C,. The boundary term is
the usual difference between the “physical” and “diluted” partition func-
tions in the Pirogov-Sinai theory. We shall introduce only the second one,
which is more convinient for our purpose. The term —C, represents the
contribution to connected components of the configuration n,. Subtracting
this term will allow us to write expansions of the Hamiltonian [see (22)]
and partition functions in a form where the different components of the
boundary of a configuration (contours) do not interact. Let us also
mention that for any configuration ne Q7(A),

H(mn|n,)=H,m)—H,n,)=H,(n)—e, 4] (16)
since ¢;(n,)=¢,,.
For each pe {f, pw, w}, we define the diluted partition function
ZHMA)= Y et (17
ne 2°(A4)
and introduce the thermodynamic limit

s(H)= hm |——|log Z3(4) (18)

which is independant of the boundary condition p.

3. MAIN RESULTS

We consider a configuration n=n,, (a.s.), and recall that the boundary
on of n is defined as the complement of the set of sites i where all the bonds
with endpoint i are either empty or partially wired or wired.
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A couple y = {I',n(I')}, where I"= Supp y is a maximal connected sub-
set® (component) of én and n(/") a configuration in Q(I') [i.e., a configura-
tion on the envelope E(I") of I'], is called a contour of the configuration n.
A couple y= {I,n(I')}, where I" is a connected subset of Z¢ and n(I) a
configuration in Q(I), is called a contour if there exists a configuration n
such that y is a contour of n.

Whenever 7 is a contour, we denote by Exty the unique infinite
component of Z\Suppy and V(y)=Z%\Exty and Inty= V(y)\Supp y.
Consider the configuration n having y as unique contour, to be denoted n, ;
we use Int,, y, for any me {f, pw, w}, to denote the subset of sites of Int y
which belong to S,,(n). When this configuration will coincide with n, on
the envelope of Exty, we shall specify this with a subscript p.

Two contours y;, and 7y, with nonconnected supports are called
mutually compatible contours. They are mutually compatible external
contours if ¥(y,) = Exty, and V(y,) = Exty,. We shall use Q(y”) to denote
the set of configurations having y” as unique external contour, and for a
family 67 = {y7,..,77} of external contours, we shall use the notation
Ext, 07 = A\U,s g0 V(7?). To simplify formulas we shall let the symbol y
or y” (respectively 07) denote a contour (respectively, a family of external
contour) as well as its support; in particular we shall use H, instead
of Hgypp -

We introduce the crystal partition function

Z7(y?7)= Z CXP[“HV(«,P)(“)] (19)
ne Q2(y?)

for which, together with the diluted partition function (17), the following
set of recurrence equations holds:

Z )= ), exp(—e, [Ext, 07]) ][ Z9(:") (20)
0r:9P = A yPef?
0P nod=

Z7(y?) = exp[ —H,(n,,) ][] Z,'(Int,, y7) 21

where the sum runs over families of external contours with support
included in 4 and nonintersecting 4. This is because for every configura-
tion n=n, (as.), specified by a family of contour {y}, one has

H,m)=3 H,n,)+3 e, |S,(n) (22)

> A set of sites [”is connected if for every two elements i, je I, there is a sequence =1,
iy,-, I, = j such that i, and i, , are nearest neighbors for k=1,..,n— 1.

822/72/3-4-21
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for every A> {y}, since A(n)=Y, A(n,). The recurrence equations (20)
and (21) are equivalent to Lemma (2.3) in ref 2, where the partition
functions are defined with relative Hamiltonian.

Lemma. Let go=min{q,, 9,} and e,=min{e,, ¢,,, e, }; then
H >y 23
y(n,) —eq 7] >27108 40 (23)

We postpone the proof to the Appendix. Let us mention that,
whenever e, = e,, the Lemma implies

p(yP)=exp[ —H,(n,0) +e, 7] 1< go 12017 (24)
and also the Peierls condition (8) by taking into account (16) and (22).

To state our result, we introduce for each p the partition function of
a contour model with a parameter b, and contour weight ¢ff(y”),

ZAlgysb)= 3 e ] ¢pr(y?) Z(nty? | 47)  (25)

07:0P = A yPef?
07Nt =
Here
Zalgn=Y 11 ¢267) (26)
d:8cA  yPcO
dndA=¢s

where the sum is over families of compatibles contours. The functional ¢1’?
is called a 7-functional if for some number >0 and every 7y it satisfies the
estimates |¢2(y7)] <e~*""!; this ensures in particular the existence of the
thermodynamic limit

s(¢lr)= hm mlog Z(4 | ¢%)

Theorem. Whenever g, is large enough, then for every nonnegative
value of J; and J, -and every pe{f, pw,w}, there exist nonnegative
parameters b, and associated contour functionals ¢ff such that

b,—e,+s(¢%)=s(H) (27)

e 7 MZ(A] ;b)=Z3"(A) (28)
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There exist three regions in the plane (8J,, 8J,) where b,=0, b, . ,>0,
separated by three trajectories of phase coexistence determined by the
equations

—e,+5(ds) = —e,, +5(¢,,)=5(H) (29)
—e,, +5(4,,)= —e, +5(¢,)=s(H) (30)
—e,+5(¢,)= —e,+5(¢;)=s(H) (31)

meeting at a unique point where b,=b,,=5,=0.
The contour functionals ¢§P defined inductively by

$p(y7) Z(Inty” | 7)== Cr= 0 MONZ(y7) (32)
satisfy the estimates

¢o(y?) < q5 PO exp(9g4 2 1y71) (33)

Proof. We refer the reader to ref. 11 for a proof given for the general
class of models of the Pirogov—Sinai theory satisfying the Peierls condition.
We also refer to ref. 12, where a proof is given for the model under con-
sideration. We only mention that the inductive expression (32) of contour
functionals immediately yields relation (28) of the theorem, taking into
account the inductive expressions (20) and (21) and the definition (25).
The statement (27) follows also from (32) provided the ¢;’P are indeed
t-functionals. We also mention that, according to ref 11 and (23), the
bound (33) follows from the inequality

(7)< qg M exp(3e [371) (34)
where 7 must satisfy the inequality

q(;(l/ld) 2| exp(3677: ]yp|)<exp(—‘f |Vp|) (35)

This is done by taking e ™" =3q, "/*” provided g, > 3%’ §

4. CONCLUDING REMARKS

The Theorem above shows that the random cluster model (3) may be
described equivalently as a system of noninteracting compatible contours.
If g, is large enough, the associated activities are small and decay exponen-
tially in the contour length. This allows a good control of the system at any
temperature.

We introduce the state - )>* for a € {w, pw, f'}. When b, =0, we have
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(np>’ < 0(gqy) and (n;>’/ < 0(qy?) for any bond jj. This is because nj= 1
(resp. nfj = 1) only if there is a contour surrounding or containing i or j, ¢,
is an upper bound on the probability of contour, and the shortest contour
has length |y|=2. Analogously, onc has the same upper bound for
{1—ny»?* and <{nj»” when b,,=0, and for {1—n;>* and (1—n)"
when b, =0. From this we get that the coexistence line is first order with
a jump A4E >0 of the internal energy E = (1/8) ds(H)/0B. Notice that in the
particular cases J, =0 and J, =10, we get, respectively, the g- and g,-state
Potts models, to which our results apply.

The phase diagram can be obtained also, following ref. 13, without
introducing parametric contour models. Let &9 and &9 be the values of
the parameters £; and &, such that e,=e,, =e,. Then the differences
py=dE, — &) =e,, —e, and p,=d(¢é, —E&)=e,—e, may be considered
as generalized external fields. The required degeneracy-breaking condition
for the matrix

0
—(e,—e;) 36
|:0.uz( ? 4 ]p:pw,w;i=1,2 ( )

to be nonsingular, as well as the condition |de,/dp,| <1, are obviously
satisfied. Then (using the notations of ref. 14), we introduce the functionals

K(y?)=p(y”) fin(v7), where

fu(y")=1Z,(Int,, y")] 7" Z}}(Int,, y7)

so that
zia)y=e=o Y T KG) (37)
R= | yPed
dndd=

We introduce also the truncated partition function Z/(4) as the right-hand
side of (37) with a sum over stable contours, i.e., satisfying f,.(y7)<
exp(4 |0 Int,, y”|), and the corresponding free energy #,. According to
refs. 13 and 14, for ¢, large enough, the Peierls condition (24) ensures that
for stable boundary conditions p, i.e., satisfying a, =, —min,, 4,, =0, then
the contours y” are stable and thus Z3" agree with Z,,. As a result, we
obtain the same description as in the Theorem with the role of parameters
b, replaced by a,.

The completeness of the phase diagram or its differentiability proper-
ties allow us to derive some properties of the model (2) by taking into
account the analysis of translation-invariant Gibbs states of refs. 15 and 16.
Further differentiability properties of the phase diagram follow from ref. 17.

Finally, we introduce convenient mixed boundary conditions to define
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the surface tensions between two wired phases, ¢"", and between two
partially wired phases, 67 #"', and a surface tension between a wired (resp.
partially wired) phase and the empty phase, ¢/ (resp. ¢?*/), and also
surface tensions between wired and partially wired phases, ¢ ”*. This is
done by restricting the allowed configuration of bonds (with n;=1, ng.: 0
or n;=0, n;=1) to those which do not connect a site of the top half
boundary to a site of the bottom half boundary. We use these nonconnec-
tedness conditions and the Theorem to prove that the surface tensions
between coexisting stable phases are strictly positive."¥ Moreover, our
goal will be to prove that these surface tensions satisfy the (gencralized)
Antonov rule

O.W,w’ = O_w,f+0.f,w’
¢ = gW P gP g P (38)

¢ =g P A g g PP 4 g

when the considered phases coexist. A first important step has been given
in ref. 1 (see also ref. 18), where it is proven by correlation inequalities that
the left-hand sides are greater than the right-hand sides for the three equa-
tions in (38). The converse inequalities need a detailed analysis of interfaces
following ideas of ref. 19. The analysis given in this article provides a step
in this direction.

APPENDIX. PROOF OF THE LEMMA

Consider a site i€y, and first assume that there is no wired bond in
E(i) for the configuration n,. Then E(i) contains at least one partially
wired bond. Starting from (13) and using e¢,< —d&, —logg, [cf. (6)
and (14)] and e, < —log g, —log g, [cf. (5)], we get

e,(n) o= — L on' (1)~ oz 2~ ¢y

eo+logg, . ... eg+logyg,
2_____.__ . A e
2d on'(i) ¥ 2d
2d — én'(i)
=g losd

We then use that the number of connected components C(n'+ n?)
satisfies the bound (see Appendix B in ref. 20 for details)

1

1 2
< [
Cln’ +n)< A 1dml(i) + Sn3(3)]

i1 <onl(i)+onl(i)<d

(A1)
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When 1 <6n'(i)<2d—1 and én*(i) =0 we have

2d—dn'(i) x(1<dn' (i) <d) 1
T T g e >55los g, (A2)

so that each site iey satisfying dn’(i)=0 gives at least a contribution
(1/2d) log g, to the left-hand side of (23).

Now we assume that at least a bond in E(i) is wired. Starting from
(13) and using eq< —dé,—loggq, and e;< —¢&, [cf. (7) and (15)] and
eo< —log g, —log g, we get

e;(n)—ey= — % on'(i) ——% on*(i)— e,

€y 1/ 2/ lOg q2 1/
>— o1 _
3 [on'()+on°(D)] + 5 on'(i)—eq

2d — 6n'(i) — on’(i) 2d — on*(i)
> oo
> ¥, log g, +——-——log¢,

We then use that the number of connected components C(n?) satisfies the
bound

1
C(n*) < —_— A3
) i:lszg;(i)$d215n2(i)| (A3
When 1<6n*(i) <2d—1 we infer
2d—on'(i)=on’(i), - 2d—0n()
2d 0g g+ — 2__d 0g 4,
_X(lsénl(i)+5n2(i)<d) o _x(l <5n2(i)<d)l
2 16m1(i) + 8n2(0)] g o 18n2(i)| 42
lo

>3 (A9

so that each site iey such that dn’(i)>1 gives at least a contribution
(1/2d) log g, to the left-hand side of (23). Thus, each site of y gives at least
a contribution (1/2d) log g, and we conclude the proof of the lemma.
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